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GEOMETRIC BERNSTEIN ASYMPTOTICS AND THE 
DRINFELD-LAFFORGUE-VINBERG DEGENERATION FOR 
ARBITRARY REDUCTIVE GROUPS 

SIMON SCHIEDER 


Abstract. We define and study the Drinfeld-Lafforgue-Vinberg com- 
pactification BunG of the moduli stack of G-bundles BunG for an arbi¬ 
trary reductive group G; its definition is given in terms of the Vinberg 
semigroup of G, and is due to Drinfeld (unpublished). Throughout the 
article we prefer to view the space BunG as a canonical multi-parameter 
degeneration of Buiig which we call the Drinfeld-Lafforgue-Vinberg de¬ 
generation VinBunG- We construct local models for the degeneration 
VinBunG which “factorize in families” and use them to study its sin¬ 
gularities, generalizing results of the article [Schl] which was confined 
with the case G = SL 2 . 

The multi-parameter degeneration VinBunG gives rise to, for each 
parabolic P of G, a nearby cycles functor 'Lp. Our main theorem ex¬ 
presses the stalks of these nearby cycles 'Up in terms of the cohomology 
of the parabolic Zastava spaces. From this description we deduce that 
the nearby cycles of VinBunG correspond, under the sheaf-function cor¬ 
respondence, to Bernstein’s asymptotics map on the level of functions. 
This had been speculated by Bezrukavnikov-Kazhdan [BK] and Chen- 
Yom Din [CY] and conjectured in a precise form by Sakellaridis [Sak2]. 
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1. Introduction 

Let X be a smooth projective curve over an algebraically closed field k, 
let G be a reductive group over k, and let Bun^ denote the moduli stack of 
G-bundles on X. In this article we begin the study of the canonical relative 
compactification Bun^r of Bung- due to V. Drinfeld (unpublished) for an 
arbitrary reductive group G; the case G = SL 2 was studied in [Schl], As in 
[Schl] we choose to work with a minor modification of the compactification 
Bunc which we denote by YinBunc and refer to as the Drinfeld-Lafforgue- 
Vinberg degeneration of Buno 

For G = GL n certain smooth open substacks of the space Bun^ were used 
by Drinfeld and by L. Lafforgue in their celebrated work on the Langlands 
correspondence for function fields ([Drl], [Dr2], [Laf]). The spaces Bung and 
VinBiuR; are however already singular for G = SL 2 . The goal of the present 
article is to begin the study of their singularities for an arbitrary reductive 
group G , generalizing our earlier work [Schl] for G = SL 2 . This study is 
originally motivated by the geometric Langlands program ([G3], [G4]), for 
example by applications to Drinfeld’s and Gaitsgory’s miraculous duality 
([DrGl], [DrG2], [G2]); see Subsection 1.3.2 below for such applications 
of the current work. In the present article we however focus on a novel 
application to the classical theory, to the Bernstein asymptotics map on the 
level of functions. 


1.1. The degeneration VinBunc for arbitrary G 

1.1.1. The Vinberg semigroup. In [V] E. B. Vinberg has constructed 
a canonical multi-parameter degeneration Vine —>• A r of an arbitrary re¬ 
ductive group G of semisimple rank r; this degeneration carries a semigroup 
structure and is called the Vinberg semigroup. Its fibers over the complement 
of the union of all coordinate hyperplanes are isomorphic to the group G; its 
fibers over the coordinate hyperplanes can be described in group-theoretic 
terms related to the parabolic subgroups of G. A certain well-behaved open 
subvariety of the Vinberg semigroup, the non-degenerate locus, is closely 
related to the wonderful compactification of the adjoint group G af j 0 of G 
constructed by De Concini and Procesi [DCP]. 

1.1.2. The definition of VinBung. As the Vinberg semigroup Vine carries 
a natural G x G-action, one may form the mapping stack 

Maps(V, Vine /GxG) 

parametrizing maps from the curve X to the quotient Vin^ /GxG. The 
stack VinBunc is then obtained from this mapping stack by imposing certain 
non-degeneracy conditions. Like the Vinberg semigroup Vine, the stack 
VinBuiy; comes equipped with a natural map 

VinBunc —* A r ; 
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just like Vine forms a canonical degeneration of the group G, the stack 
VinBunc forms, via this map, a canonical degeneration of Bunc- The com- 
pactification Bun^ can be obtained from VinBmiG as the quotient by a 
maximal torus of G. 

1.1.3. The case G = SL 2 . As is discussed in [Schl], for G = SL 2 the degen¬ 
eration VinBunor can be described very concretely as follows: It parametrizes 
triples (Ei , £ 2 , (/?) consisting of two SL 2 -bundles E\ , £2 on the curve X to¬ 
gether with a morphism of the associated vector bundles p : E\ —> £2 which 
is required to be not the zero map. Taking the determinant of the map p 
yields the desired map 

ViiiBunc; —> A 1 . 


1.2. Stratifications 

1.2.1. Stratification by parabolics. Let T denote a maximal torus of the 
reductive group G, let B denote a Borel subgroup containing T and let Zq 
denote the center of G. The target affine space A r of the map Vine —>■ A r 
naturally forms a semigroup completion of the adjoint torus T/Z^. Thus 
its coordinate stratification is naturally indexed by standard parabolic sub¬ 
groups P of G. This stratification induces stratifications of Vine and of 
VinBunG' which are also indexed by standard parabolic subgroups: 

VinBun G = |^J VinBun G ,p 

P 

1.2.2. Defect stratifications. To each point in any of the loci VinBun G ,p 
we associate a simpler geometric datum which we call its defect value ; the de¬ 
fect value governs the singularity of the point in the moduli space VinBun G . 
For G = SL 2 , the defect values are effective divisors on the curve X. For an 
arbitrary reductive group G and for P = B, the defect values are effective 
divisors on X valued in the monoid of positive coweights A(P b of G. For 
an arbitrary reductive group G and an arbitrary parabolic P. the defect 
values are certain points in the affine Grassmannian Gr m of the Levi M 
of P. We obtain finer stratifications, the defect stratifications, of the loci 
VinBun G ,p by requiring certain numerical invariants of the defect value to 
remain constant. 

1.3. Main results Geometry 

1.3.1. Stalks of nearby cycles. The degeneration VinBun G —> A r gives 
rise to, for each standard parabolic P of G, a one-parameter family con¬ 
necting the G-stratum VinBun G ,G and the P-stratum VinBunG,p. Let Tp 
denote the nearby cycles perverse sheaf of the one-parameter family corre¬ 
sponding to the parabolic P. Vaguely speaking, our main theorem regarding 
the geometry of VinBunc then states: 
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Theorem A. The stalks of ^p along the defect stratification o/VinBun^p 
are isomorphic to the cohomology of the defect-free parabolic Zastava spaces 
from [BFGM], 

We refer the reader to Sections 4 and 6 for the definitions of the objects 
appearing in the theorem, and to Theorem 4.2.2 for a precise formulation. 
As will be discussed below, Theorem A shows that the nearby cycles of 
the degeneration VinBunc may be regarded as a global geometric version 
of the Bernstein asymptotics map. In this context, the description of the 
stalks of the nearby cycles in Theorem A in terms of the cohomology of the 
Zastava spaces may be viewed as a geometric analog of the classical Gindikin- 
Karpelevich formulas for the Bernstein asymptotics (see Subsection 8.2.7 
below). 

1.3.2. Stalks of the extension of the constant sheaf, and applica¬ 
tions in the geometric Langlands program. 

We also give a description of the stalks of the ^-extension of the con¬ 
stant sheaf from the open stratum VinBunG,G which is closely related to 
Theorem A; see Theorem 4.3.1 for its formulation. This description of the 
♦-extension of the constant sheaf provides the geometric input for Gaits- 
gory’s proof that the miraculous duality ([DrGl], [DrG2], [G2]) acts as the 
identity on cuspidal objects. Furthermore, this description will be applied in 
the forthcoming PhD thesis of Wang [W2] to geometrically construct Drin- 
feld’s strange invariant bilinear form on the space of automorphic forms for 
arbitrary reductive groups. 


1.4. Main results — Bernstein asymptotics 

For this paragraph only let G now denote a reductive group over a non- 
archimedean local field F. Let N denote the unipotent radical of the Borel 
B of G. The Bernstein asymptotics map is a map of G x G'-modules 

Asymp : C°°{G) —> C°°((G/N x G/N~)/T). 

It can be defined either via a universal property related to the asymptotics 
of matrix coefficients, or as a composition of the orispheric transform with 
the inverse of the intertwining operator (see [BK], [SakV], [Sakl]). Our 
geometric results imply that the nearby cycles of VinBunc form a geometric 
or categorical version of the Bernstein asymptotics map, as we now discuss. 

Before making a more precise statement, we recall that Bezrukavnikov and 
Kazhdan [BK] have used the Bernstein asymptotics map to prove Bernstein’s 
second adjointness theorem for reductive groups over non-archimedean lo¬ 
cal fields. In [BK] they speculate whether the Bernstein asymptotics map 
is related to some nearby cycles construction on the geometric level. More 
precisely, they observe that their description of the Bernstein map as the 
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composition of the orispheric transform with the inverse of the intertwin¬ 
ing operator is formally analogous to the definition of the twisted Harish- 
Chandra functor in [BFO] (see also [ENV], [CY]), which works in the finite¬ 
dimensional setting (i.e., over an algebraically closed field instead of over 
a local field). Since it is shown in [BFO] that the twisted Harish-Chandra 
functor can be realized as the functor of Verdier specialization in the De 
Concini-Procesi wonderful compactification, they ask whether similarly the 
Bernstein asymptotics can be viewed as some nearby cycles procedure of an 
appropriate space; the same question has also been raised by Chen and Yom 
Din [CY], 

Similar predictions have been made by Sakellaridis and Venkatesh; in 
[SakV] they have constructed asymptotics maps for arbitrary spherical va¬ 
rieties over non-archimedean local fields, which reduce to the above case of 
Bernstein asymptotics when the spherical variety is the group itself. Sakel¬ 
laridis [Sak2] has given a precise conjecture along the lines of the question 
of Bezrukavnikov and Kazhdan, relating the Bernstein asymptotics to the 
nearby cycles of the degeneration VinBunc. We deduce this conjecture for 
arbitrary reductive groups from Theorem A. We refer the reader to Theorem 
5.4.1 below for a precise statement; broadly speaking, its assertion is: 

Theorem B (Sakellaridis’s conjecture from [Sak2]). The nearby cycles sheaf 
'kvinBun G factorizes, i.e., its stalks decompose into tensor products of local 
factors. The functions corresponding to the local factors of TvinBunc under 
the sheaf-function correspondence agree with the Bernstein asymptotics of 
the basic Schwartz functions. 


1.5. Proofs via local models 

We study the degeneration VinBunc by constructing certain local models 
for it which feature the same singularities as VinBunc but possess a factor¬ 
ization property , in the sense of Beilinson and Drinfeld ([BD1], [BD2]). Our 
models thus play an analogous role for the space VinBuno as the Zastava 
spaces from [FM], [FFKM], [BFGM] play for Drinfeld’s spaces of quasimaps 
(see e.g. [BG1], [BG2]). Our local models may in fact also be viewed as 
canonical degenerations of the Zastava spaces. 

We will in fact construct one local model for each parabolic P of G , which 
will then be used to study the singularities of the degeneration into the P- 
locus VinBune;.p of VinBuncr. We furthermore point out that our local 
models are not quite factorizable in the sense of Beilinson and Drinfeld, but 
rather factorizable in families: They themselves form multi-parameter de¬ 
generations whose fibers are factorizable in compatible ways. Our geometric 
main theorems are then deduced from certain geometric properties of the 
local models; Theorem B follows from Theorem A under the sheaf-function 
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correspondence by computing the function corresponding to the cohomology 
sheaves of the defect-free parabolic Zastava spaces. 


1.6. Structure of the article 

We now briefly outline the contents of the individual sections. In Sec¬ 
tion 2 we recall various facts about the Vinberg semigroup, define the spaces 
¥111131111(5 and Buiig, and discuss their basic properties. In Section 3 we con¬ 
struct the aforementioned defect stratifications of the loci VinBun^p. In 
Sections 4 and 5 we state our main theorems, including precise versions of 
Theorems A and B sketched in this introduction. 

The remaining sections deal with the proofs of the above theorems. In 
Section 6 we construct the local models for the loci VinBunc;p and study 
their geometry. In Section 7 we deduce the aforementioned results about 
the nearby cycles and the ^-extension of the constant sheaf from the geo¬ 
metric facts of the previous section. In Section 8 we compute the function 
corresponding to the nearby cycles under the sheaf-function dictionary and 
deduce the results about the Bernstein asymptotics map. 

1.7. Conventions and notation 

We will invoke a formalism of mixed sheaves; for concreteness we will 
work with the formalism of Aadic Weil sheaves: We assume the curve X 
is defined over a finite field, and work with Weil sheaves over the algebraic 
closure k of the finite field. For a scheme or stack Y, we denote by D(Y ) 
the derived category of constructible Qpsheaves on Y. We fix once and 
for all a square root Q^(^) of the Tate twist Q^(l). We normalize all IC- 
sheaves to be pure of weight 0; thus on a smooth variety Y the IC-sheaf is 
equal to Q([dimT](i dimT). Our conventions for nearby cycles are stated 
in Subsection 4.1 below. We denote the exterior product of sheaves on a 
product space by the symbol IEI. In the case of a fiber product over a space 
Y we denote by Ey the ^-restriction of the exterior product to the fiber 
product over Y, shifted by [— dim Y] and twisted by (—|dim¥). Finally, 
we denote the restriction of a space or a sheaf to a “disjoint locus” by the 
symbol o, whenever there is no confusion about what the disjointness is 
referring to. For example, we denote by 

X x X( n2 ' ) 

the open subset of the product X( ni ' ) x X^ n2 ^ of symmetric powers of the 
curve X consisting of those pairs of effective divisors with disjoint supports, 
and call it the disjoint locus of X( ni ' > x X^ n2 \ 
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2. The compactification and the degeneration 

2.1. The Vinberg semigroup 

E. B. Vinberg has associated to any reductive group G a canonical alge¬ 
braic semigroup, the Vinberg semigroup Vine of G ([V]). Vinberg’s work 
assumes the characteristic of the base field to be 0; the case of arbitrary 
characteristic can be found in [Ril], [Ri2], [Ri3], [Ri4], and [BKu]. Here we 
recall the definition of Vine and some of its basic properties. For proofs and 
further background about reductive semigroups and the Vinberg semigroup 
we refer the reader to the above articles as well as to [Pu], [Re], and [DrG2]. 

2.1.1. Notation related to the group. Let G be a reductive group over k, 
let r denote the semisimple rank of G, and let Zq denote the center of G. For 
simplicity we assume that the derived group [G, G] of G is simply connected. 
We fix a maximal torus T of G and a Borel subgroup B containing T, and 
denote by W the Weyl group of G and by wq its longest element. Let Aq 
denote the weight lattice of G, let A q denote the coweight lattice of G , let 
X denote the set of vertices of the Dynkin diagram of G, let (a* )i£l £ A(j 
denote the simple roots, and let (cqjigx € Ac denote the simple coroots. We 
denote by Ag the collection of dominant weights, and by Aq S the collection 
of positive weights, and analogously for Ac- We denote by V the usual 
partial order on Aq and Aq. 

2.1.2. Notation related to a parabolic. By a parabolic we will by default 
mean a standard parabolic, i.e., a parabolic containing the chosen Borel B. 
For a parabolic P we denote by Up its unipotent radical and by M the 
corresponding Levi quotient and subgroup. The subset of vertices in X 
corresponding to the parabolic P will be denoted by Im, the semisimple 
rank of M by vm, and its center by Zm- Finally, we denote by A q,p the 
quotient 

Ag,p : = Ac/ ^2 

ieXjv/ 

and by A P q S p the image of A P q S under the natural projection Aq -» A g,p- 
Using the monoid A^p we define a partial ordering ^ on A q,p as for Aq. 

2.1.3. The enhanced group. We define the enhanced group of G as 

G enh = (G x T)/Zq 

where the center Zq of G acts anti-diagonally on G x T, i.e., by the formula 
(g,t).z = ( zg,z~ 1 t ). The group G is naturally a subgroup of G en h via the 
inclusion of the first coordinate 
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2.1.4. The definition of Vine; via classification of reductive monoids. 

The Vinberg semigroup Vine is an affine algebraic monoid whose group of 
units is open and dense in Vine; and equal to the reductive group G en h- We 
now recall its definition via the Tannakian formalism and the classification 
of reductive monoids , i.e., the classification of irreducible affine algebraic 
monoids whose group of units is dense, open, and a reductive group. 

Let Rep(Genft) denote the category of finite-dimensional representations 
of G en h ■ By the classification of reductive monoids (see [Pu], [Re], [V]), the 
monoid Vine is uniquely determined by the full subcategory 

Rep(Vin G ) C Rep(G en/l ) 

consisting of all those representations V £ Rep (G en h) for which the action 
of G en h extends to an action of the monoid Vin G . We can thus define Vin G 
by specifying this full subcategory Rep(Vin G ) of Rep(G en /i)- To do so, note 
first that any representation V of G en h admits a canonical decomposition as 
G en /j-representations 

V = © u 

AeAx 1 

according to the action of the center Za erih = (Zq x T)/Zq = T , i.e., such 
that Zc erih = T acts on each V\ by the character A. Each V\ also naturally 
forms a G-representation via the inclusion G ^ G en h', its central character 
as a G-representation is equal to the restriction A|^ G . 

With this notation, the subcategory Rep(Vin G ) of Rep (G en h) is defined 
as follows: It contains a representation V £ Rep (G en h) if and only if for 
each A £ At the weights of the summand V\, considered as a representation 
of G, are all ^ A. 


2.1.5. Basic properties of the Vinberg semigroup. The variety Vin G 
is normal and carries a natural G x G-action which extends the natural 
G x G-action on G en h ■ It moreover carries a natural T-action which extends 
the T-action on G en h = (G x T)/Zq defined by acting on the second factor; 
this action commutes with the G x G-action, and will simply be referred to 
as the T-action on Vin G . 


The Vinberg semigroup can be viewed as the total space of a canonical 
multi-parameter degeneration of the group G, as we recall next. To do so, 
consider the adjoint torus T ac [j = T/Zq and recall that the collection of 
simple roots (cci)igx of G yields a canonical identification 





In other words, the simple roots form canonical affine coordinates on T a dj. 
Allowing these coordinates to vanish we obtain a canonical semigroup com- 
pietion T+ : of T adj by defining 



A r D GL = T, 


adj 
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where the structure of algebraic semigroup on A r is given by component¬ 
wise multiplication. The natural action of T on T a dj extends to an action of 

T ™ r+ . 

The semigroup Vine admits a natural flat semigroup homomorphism 


v : Vine 


=a 


r 


extending the natural projection map G en h > T a dj ■ The map v is G x G- 
invariant and T-equivariant for the above T-actions on Vine and on T^ d -. 
The fiber of the map v over the point 1 G T^ d - is canonically identified with 
the group G. It is in this sense that the Vinberg semigroup is a multi¬ 
parameter degeneration of the group G. In Subsection 2.1.8 below we will 
recall descriptions of all other fibers of the map v in group-theoretic terms. 


2.1.6. The canonical section. Recall that we have fixed choices of a max¬ 
imal torus and a Borel subgroup T C B C G. These choices give rise to a 
section 


of the map 


* : r A 


Vin G 


v : Vin G 



The section s is uniquely characterized as follows. Note first that the map 


T 


GxT, 


(t 1 ,t) 


descends to a map T a dj —> G en h, and that the latter map forms a section 
of the map G en h —> T a dj. One can then show that this section extends to 
the desired section s of the map v, and that the image under s of any point 
in T+ d j in fact lies in the open G x G-orbit of the corresponding fiber of 
v. This shows that the section s in fact factors through the non-degenerate 
locus oVin G of Vin G , which we recall next. 


2.1.7. The non-degenerate locus. We now recall a natural dense open 
subvariety 

0 Vin G C Vin G 

which we will refer to as the non-degenerate locus of Vin G . It is uniquely 
characterized by the fact that it meets each fiber of the map v : Vin G —> T^ d - 
in the open G X G-orbit of that fiber; i.e., for any t G T^. we have: 

Vin G | t n oVin G = G • s(t) ■ G 

For a Tannakian characterization of oVin G we refer the reader to [DrG2, 
Sec. D4], The open subvariety oVin G of Vin G is not only G x G-stable but 
also T-stable, and the restriction of the map v to oVin G is smooth. 
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2.1.8. The stratification parametrized by parabolics. Consider the 
coordinate stratification of the completed adjoint torus Tf (]j = A r . Its strata 
are stable under the action of T and are naturally indexed by subsets of the 
Dynkin diagram X of G, or equivalently by standard parabolic subgroups of 
G: 

1adj = U ^adj,P ' 

P 

Each stratum T^ d - p contains a canonical point cp which is defined as follows. 
Let M denote the Levi quotient of the parabolic P, and let Im C X denote 
the subset of X consisting of those vertices corresponding to P. Then in the 
coordinates T^ d - = A r we define (cp)i = 1 for i € Im and (cp)j = 0 for 
i (fi Xm • Thus for example c G = 1 £ Tadj and c B = 0 G T+ dj . 

Pulling back the stratification of T^ d - along the map v we obtain a strat¬ 
ification of Vine indexed by standard parabolic subgroups of G : 

Vin G = (J Vin Gi p . 

P 

Note that 

Vin GjG = G en h = (G xT)/Zq = G x T ad] 
as varieties over T adj j , where the last identification is induced by the map 

(9,t) ^ {gt^.t). 

Below we recall the description of the strata Vin Gj p in terms of the group G. 
Note first that since the T-action on T^ d - is transitive when restricted to any 
of the strata T^ d - p , all fibers of the I-equivariant map Vin G) p —y T^ d - p are 
isomorphic. In fact, using the section s from Subsection 2.1.6 one obtains 
an action of T ad j on Vin G which by construction lifts the action of T ad j on 
T+ d y This implies the following stronger assertion: 

Remark 2.1.9. The fiber bundle Vin Gi p —> T^ d - p is trivial. 

We will thus confine ourselves to describing the fiber Vin G \ Cp of Vin G 
over the point cp G T^ d - p . To do so, recall first that a scheme Z over k is 
called strongly quasi-affine if its ring of global functions T(Z, Oz) is a finitely 
generated A;-algebra and if the natural map 

Z Z := Spec(T{Z,O z )) 

is an open immersion. If Z is strongly quasi-affine we will call Z its affine 
closure. We first recall: 

Lemma 2.1.10. Let the Levi quotient M of a parabolic P act diagonally on 
the right on the product G/Up x G/U P ~. Then the quotient 

(■ G/Up x G/U P -)/M 


is strongly quasi-affine. 
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Denoting by (G/Up x G/Up-)/M the affine closure of (G/U P xG/U P -)/M, 
we now recall: 

Lemma 2 . 1 . 11 . The G x G-action on the point s(cp) £ oVin G \ Cp induces 
an isomorphism 

(G/Up x G/U P -)/M A 0 Vin G \ cp , 

which in turn induces an isomorphism 

0 G/Up x G/Up-)/M A Vine \ Cp 

on the affine closure. In particular, the latter isomorphism is G x G- 
equivariant for the natural G x G-actions. Taking P = B we find that 

Vin Gi b = (G/N x G/N~)/T. 

While it will be essential for us to consider the entire Vinberg semigroup 
Vin G , we remark that the non-degenerate locus oVin G is closely related 
to the wonderful compactification of De Concini and Procesi: Let G ac n = 

_ ]J(J p 

G/Zq denote the adjoint group of G, and let G ac ij denote its wonderful 
compactification (see [DCP], [BKu]). Then we have: 

Remark 2 . 1 . 12 . The T-action on oVin G is free and induces an isomorph¬ 
ism 

oVin g/T = G^ DCP . 

2.1.13. The Vinberg semigroup for G = SL 2 . As an illustration we now 
discuss the above notions in the case G = SL 2 ; this case has implicitly been 
used in the work [Schl], which was concerned with the study of the Drinfeld- 
Lafforgue-Vinberg degeneration in the case G = SL 2 . For G = SL 2 the 
Vinberg semigroup is equal to the semigroup of 2 x 2 matrices Mat 2 x 2 - The 
SL 2 x SL 2 -action is given by left and right multiplication, and the action of 
T = G m by scalar multiplication. The semigroup homomorphism v is equal 
to the determinant map 

v : Vin G = Mat 2X 2 A A 1 = T+ . 

The canonical section s takes the form 

s : A 1 —> Mat 2X 2 , c 1 — 

For G = SL 2 the Vinberg semigroup possesses only two strata: The G-locus 
Vin GjG = u _1 (A 1 \{0}) = GL 2 , 

and the B-locus Vin Gj s = -u _1 (0) consisting of all singular 2x2 matrices. 
Finally, the non-degenerate locus oVin G C Vin G is equal to the subset 

Mat2x2 \{0} C Mat2x2 


of non-zero matrices. 
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2.2. Definition of VinBun G and of Bun G 

We now give the definition of the compactification Bun G for an arbitrary 
reductive group G; this definition is due to Drinfeld (unpublished). In fact, 
we first give the definition of the degeneration VinBun G , and then define 
Bun G as a torus quotient of VinBun G . 

2.2.1. Notation. Let G be a reductive group over k and let X be a smooth 
projective curve over k. Recall that for a stack y the sheaf of groupoids 
Maps(X, y) parametrizing maps from the curve X to the stack y is defined 
as 

Maps (X,y)(S) = y(XxS). 

Thus for example we have Bun G = Maps(X, -/G). Similarly, given an open 

O 

substack y C y, the sheaf of groupoids 

Maps gen (W y D y) 

associates to a scheme S the full sub-groupoid of Maps(X, y)(S) consisting 
of those maps X x S —> y satisfying the following condition: We require 
that for every geometric point s —> S there exists an open dense subset of 
Ixson which the restricted map X x s —> y factors through the open 

O 

substack y C y. 

2.2.2. Definition of VinBun G . Quotienting out by the G x G-action on 
Vine we obtain an open substack 

0 Vin G /G x G C Vin G /GxG. 

We then define the Drinfeld-Lafforgue- Vinberg degeneration VinBun G for an 
arbitrary reductive group G as 

VinBun G := Maps gen ( X , Vin G /G x G D oVin G /GxG). 

Since the curve X is proper, the map v : Vin G —> induces a map 

v : VinBun G —x T+ g . = A' r . 

The map v makes VinBun G into a multi-parameter degeneration of Bun G in 
the sense that any fiber of the map v over a point in T ac [j C T// d - is isomorphic 
to Bun G . 

2.2.3. The space VinBun G for G = SL 2 . Using the description of Vin G for 
G = SL 2 in Subsection 2.1.13 above one recovers the concrete definition of 
VinBun G for G = SL 2 given in [Schl]: For G = SL 2 an 5-point of VinBun G 
consists of the data of two vector bundles E\. E 2 of rank 2 on X x S , together 
with trivializations of their determinant line bundles det E\ and det E 2 , and 
a map of coherent sheaves 
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satisfying the condition that for each geometric point s —> S the map 
<p\xxs '■ E\\x xs —> E 2 \xxs 

is not the zero map; in other words, the map tp\xxs is required to not vanish 
generically on the curve X x s. The map v : VinBun G —^ A 1 is obtained 
by sending the above data to the point det(</?) € A 1 (5). 

2.2.4. Definition of Bun G . Since the action of T on Vine commutes with 
the G x G-action, it induces an action of T on VinBun G ; by construction 
the map v : VinBun G -A T^ d - is T-equivariant. We then define Bun G as the 
quotient by this action: 

Bun G := ViiiBurR; /T 

In other words, we dehne Bun G as the fiber product 

Maps 9en (X, Yin g /G xGxT d 0 Vin G / GxGxT ) 




Maps(X,T+,. 


/T) 


where the bottom map assigns to a point the corresponding constant map, 
and the right map is induced by the map Vin G —> T^-. Hence the spaces 

Bun G and VinBun G ht into a cartesian square 


VinBun G 


Bun G 



where the horizontal arrows are T-bundles. In particular, the study of the 
singularities of the space Bun G and the map v are equivalent to the study 
of the singularities of the space VinBun G and the map v. Thus for the 
remainder of the article we will be mainly concerned with the degeneration 
VinBun G . 

2.2.5. The T a dj -action on VinBun G . By its definition as a reductive monoid 
with unit group G en h , the Vinberg semigroup Vin G carries a natural G en h x 
G en h- action. Since GxG forms a normal subgroup in G en h x G en h with quo¬ 
tient T ac ij xT a dj , the quotient Vin G /GxG carries a natural T a dj x T a dj- action. 
By construction the T a ^j -action of each of the two factors individually makes 
the map 

Vino/GxG —► T+ 

equivariant with respect to the natural Tadj -action on In particular we 
record: 
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Remark 2.2.6. The stack VinBunc carries a natural T ac ij x T a dj-action 
such that the T a dj-action of either of the two factors makes the map 


VinBunG 



equivariant with respect to the natural T a dj-action on T^ d - 


2.2.7. Stratification by parabolics. The stratification of T^ d - indexed by 
parabolic subgroups P of G induces, via pullback along the map v, a strat¬ 
ification 

VinBunc = |^J VinBunc.p, 

P 

and similarly for Bunc- 


We will introduce stratifications of the loci VinBun^p in Section 3 below. 
As for Vine we note that since the T-action on T^. p is transitive, the fibers 
of the map VinBun^p —> Tf^ p are all isomorphic, and we may restrict our 
attention to the fiber VinBung \ CP - In fact, Remark 2.2.6 implies that the 
following stronger assertion holds: 


Lemma 2.2.8. The fiber bundle VinBunG,p —> T^ d - p is trivial. 
Proof. The subgroup 


G m c -> — T a dj 

i&X M ieX 

acts simply transitively on T^ d - p ; lifting this action to VinBuncp thus 
trivializes this fiber bundle. □ 


2.3. Compactification of the diagonal 


By Subsection 2.2.7 above the space Bun^ contains the open substack 
Bunc X • /Zq = Bunc,G c —> Bunc; 

In particular we obtain a natural map 

b : Bung —> Bunc 

which forms a Zc-bundle over its image BunG,G in Bunc. Furthermore, by 
construction the space Bunc admits a natural forgetful map 

A : Bunc —> Bunc x Bunc , 

yielding a factorization of the diagonal morphism A of Bung as 


A 




> Buiig x Bunc 


Bunc 


~r Bunc 
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The space Bung is a compactification of Buii^ in the sense of the following 
remark, which we will neither use nor prove in the present article: 

Remark 2.3.1. The map A is proper. 


2.4. The defect-free locus 


We define the defect-free locus of VinBunc to be the open substack 
oVinBunc := Maps(A, oVirR; /G x G). 

Lemma 2.1.11 above implies that 

oVinBunG' \ Cp = Bunp- x Bunp . 

Bun m 


Furthermore we have: 


Proposition 2.4.1. The restriction of the map v to the defect-free locus 

v : oVinBunc —> T+ dj 

is smooth. In particular, the defect-free locus oVinBung itself is smooth. 


Proof. The proof given in the case G = SL 2 in [Schl, Proposition 2.2.3] 
carries over without change. Indeed, the proof in [Schl] is given in the 
language of mapping stacks, and the only group-theoretic input in the proof 
is the fact that the stabilizers of the G x G-action on the fibers of the 
map oVinG —> T^ d - are smooth; for an arbitrary reductive group G, this is 
established in [DrG2, D.4.6]. The proof from [Schl] then applies verbatim. 

□ 


3. The defect stratification 


3.1. Recollections 

In this section we construct natural stratifications of the loci VinBuncp. 
To do so, we first recall: 

3.1.1. The monoid M. Let P be a parabolic of G and let M be its Levi 
quotient. We now recall the definition of a certain reductive monoid M 
containing M as a dense open subgroup; the definition of M depends on the 
realization of M as a Levi of G. We refer the reader to [BG1] and [Wl] for 
proofs and additional background. 

As before let Up denote the unipotent radical of P. Recall from e.g. 
[BG1] that the quotient G/Up is strongly quasi-affine; we denote by G/Up 
its affine closure. We then define M as the closure of M inside G/Up under 
the embedding 


M = P/Up 


G/Up C G/Up. 
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The Af-actions from the left and from the right on G/U (P) induce Af-actions 
from the left and from the right on Af, which in turn extend to Af-actions; 
thus Af forms an algebraic monoid containing the group Af . Alternatively, 
one can also define Af as follows: Consider not the tautological embedding of 
M = P~/Up- into G/Up- but rather the embedding given by the inverse: 

Af <- —^ G/Up- , m i—)• m _1 

Using this embedding, one can then also define Af as the closure of Af inside 

Wj7-- 

3.1.2. Embedding of Af into Vino*. Next recall that the embeddings of 
the first factor 

G/Up (G/Up x G/Up-) /Af 
and the second factor 

G/Up- (G/Up x G/U P -)/M 

extend to closed immersions 

G/Up (G/Up x G/U P -)/M 

and 

G/Up- (G/Up x G/U P -)/M . 

Consider the two closed embeddings 

M ^ (G/Up x G/Up-)/M = Vin G | Cp 

of M obtained by composing the previous embeddings with the embeddings 
of M into G/Up and G/Up- from 3.1.1 above. Then one can show that these 
two embeddings of M into Vin G \ Cp agree. Furthermore, this embedding is 
M x Af-equivariant for the natural M x M -action on M and the M x M- 
action on Vin G \ Cp obtained by restricting the G x G-action to the Levi 
subgroup M x M. 

One can show (see [Wl]): 

Lemma 3.1.3. 

(a) The variety M is normal. 

(b) The composition 

M ^ GjUp = Spec(T(G, O c ) Up ) —> Spec(T(G, 0 G ) UpxUp ~) 

is an isomorphism respecting the natural M x M-actions. 

(c) The composition 

M —>■ Vin G \ Cp Spec(r(Vin G | cp ,C»vin G | Cp ) C/pX ^-) 

is an isomorphism respecting the natural M x M-actions. 
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3.1.4. Spaces of effective divisors. Let 9 G A P q S p . There exist unique 
non-negative integers rq G Z^o such that 6 is the image of X^eX\X M 
under the natural projection map Kq -» Ag,p. Then we define 

X 0 ’ = J|X (ni) . 

iex 

Thus as a variety, the space X e is a partially symmetrized power of the 
curve X. Its points can be thought of as Ag 0 p-valued divisors on X, i.e., as 
formal linear combinations Ylk ®k x k with Xk G X and 9k G Ag°p satisfying 

J2k = Q- 

3.1.5. The G-positive Hecke stack for M. Recall that the G-positive 
Hecke stack of M is defined as the mapping stack 

Hm,G-pos '■= Maps gen (X,M/MxM G -/M). 

By construction the G-positive Hecke stack admits a forgetful map 

T-Lm.G-pos —> Bun M x Bun M • 

As the connected components of Buiim are indexed by 7ro(BunM) = A g,p, 
we obtain a disjoint union decomposition 

'Hm.G-pos = U T^m~g- P os 
A1G2 

where the disjoint union runs over all Ai, A 2 G A g,p such that Ai ^ A 2 . 

3.1.6. The G-positive affine Grassmannian for M. Fixing a trivializa- 
tion of one of the two M-bundles appearing in the definition of the G-positive 
Hecke stack 'Hm,G-pos above we obtain the G-positive part of the Beilinson- 
Drinfeld affine Grassmannian of M , which we denote by Gr m,g~pos- I n 
other words, we define 

Gr m,g- P os ■= Maps gen (X, M/M D M/M = pt). 

3.1.7. Maps to spaces of effective divisors. We denote by Tm the torus 

T m ■■= M/[M,M] = P/[P,P}. 

Recall from [BG1] that the quotient G/[P,P\ is strongly quasi-affine, and 
let G/[P,P] denote its affine closure. Let Tm denote the closure of Tm in 
G/[P,P] under the natural embedding 

T m = P/[P-P] G/[P,P] C G/[PP\. 
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The action of Tm on itself by left or right translation extends to an action 
on Tm, and the mapping stack Maps gen (X, Tm/Tm D Tm/Tm = pt) admits 
a disjoint union decomposition into connected components 

Map s (X, Tm/Tm D Tm/Tm = pt) = M X** . 

The projection map M -» M/[M, M] extends to a map M —y Tm which 
is compatible with the natural actions of M x M and Tm x Tm ■ In particular 
we obtain a natural map 

Gr m,G- P os = Maps sen (X, M/M D pt) —» Maps ffen (X, T M /T M D pt) = (J X 

We denote the inverse image of the connected component X e under this 
map by Gi° m g 

—pos * 


3.1.8. Factorization of Gr M,G-pos- The collection of maps 


nJ> 

^Mfi-pos 


X u 


from Subsection 3.1.7 above satisfies the following factorization property: 
Let Oi,02 € A P Q S p and let 9 := 0\ + 02- Then the natural map 


X Sl x X° 2 


X u 


defined by adding effective divisors induces the following cartesian square: 


Gr 01 x Gr 02 

KjL M,G-pos A KjL M,G-pos 


M,G—pos 


X (h) x X^-> X® 


3.2. The stratification 


3.2.1. Strata maps. The closed immersion M c — y ( G/Up x G/U P -)/M 
from Subsection 3.1.2 above induces a map of quotient stacks 

M/P x P- —> ({G/Up x G/U P -)/M^j /GxG, 

which by Lemma 2.1.11 in turn induces a map 

/ : Maps ffen (X, M/P x P~ D M/P x P~) —» VinBunc | Cp . 

Rewriting the quotient stack M/P x P~ as 


M/PxP~ = -/P- x M/MxM x -/P, 

■/M -/M 
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the disjoint union decomposition of the G-positive Hecke stack in Subsection 
3.1.5 above implies that the source of the map / decomposes into a disjoint 
union 

U Bml P-,Ai X \\c-pos X Bun P,A 2 ’ 

Bunjvf Bun M 

(Al,A2) 

where Ai,A 2 € A q,p = 7To(Bunp-) = 7To(Bunp) and Ai ^ A 2 . We denote 
by the restriction of / to the corresponding substack in the above 

decomposition. 

We will show that for any parabolic P the fiber VinBun G \ Cp admits the 
following defect stratification: 


Proposition 3.2.2. 

(a) The map ^ 2 is a locally closed immersion. We denote the corre¬ 
sponding locally closed substack by 

Ai.^VinBunc \ Cp <■—> VinBun G \ Cp . 

(b) The locally closed substacks ^ ^VinBun G \ Cp form a stratification 
of VinBun G \ Cp , i.e.: On the level of k-points the stack VinBun G \ Cp 
is equal to the disjoint union 

VinBun G \ Cp = [J Ai,A 2 VinBunG > p ’ 

(A 1 A 2 ) 


where the union runs over all Ai,A 2 € A q,p such that \± ^ A 2 . 

We will prove Proposition 3.2.2 in Subsection 3.3 below by compactifying 
the strata maps ^ 2 . Before doing so we introduce the following terminol¬ 
ogy: 

3.2.3. Defect value and defect. Each stratum 

Ai,A 2 VinBun G ’ P = Bun p- Ai X 'HmIg-pos X Bun P,A 2 

BunM BunM 

admits a forgetful map to the stack TL^ 'g_ pos - Given a Appoint of VinBun G \ Cp 
lying in this stratum, we refer to the corresponding Appoint of TL^’^f_ pos as 
its defect value and to the positive coweight 6 := A 2 — Ai G A P Q S p as its 
defect. 
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3.3. Compactifying the strata maps 

3.3.1. Recollections on Drinfeld’s compactifications Bunp. We now 

briefly recall Drinfeld’s compactifications Bunp; we refer the reader to [BG1] 
for proofs and background. The space Bunp is defined as the mapping stack 

Bunp := Maps 9en (X, G\G/U{P)/M D -/P). 

It naturally contains Bunp as a dense open substack. The natural schematic 
map p : Bunp —» Bung; extends to a schematic map 

p: Bunp —> Bung 

which is proper when restricted to any connected component Bunp; of 
Bunp, where A £ 7To(Bunp) = A q,p- 

Finally, we recall that the space Bunp admits the following stratification. 
The action map 

G/Up x M —> G/Up 

extends to an action map 


G/Up x M —> G/Up 

of the monoid M, which in turn induces a map 

G/Up/G x M x M/M x M —> G/U P /G x M . 

■/M 

Passing to mapping stacks we obtain, for any A £ A g,p and 6 £ A(Pp, 
natural maps 


n 


Al,A2 

M,G—pos 


x Bun 

Buiim 


P,\+9 


Bun 


P, A • 


One can then show (see [BG1], [BFGM]) that the restricted maps 


H 


A1A2 

M,G—pos 


x Bun 

Buiim 


P, x+e 


Bun 


P, A 


are locally closed immersions, and that they stratify Bunp^ as 9 ranges over 
the set A /9 s p : 


Bung a = U n M’,G- P os x Bun ^ 

Buiim 


6eA p G os p 
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3.3.2. Compactifying the maps f x x . Recall that the fiber 

Vin G \ Cp = (G/Up x G/U P -)/M 

carries a structure of semigroup (without unit) and naturally contains, by 
Subsection 3.1.2 above, the varieties G/Up, M, and G/U P - as subvarieties. 
We can thus define a map 

G/Up x M x G/Up- —> Vin G \ Cp = (G/U P x G/U P -)/M 

by multiplying these three subvarieties. Alternatively, one can first act by 
M on either G/Up or G/Up- and then multiply; this yields the same map. 

The above map gives rise to a map 

G/Up-/GxM x M/MxM x G/U{P~)/GxM —> Vin G | cp /GxG, 

■/M -/M 

which in turn induces maps 

hiM : Bun F-,Ai * n M,G~ P os * Bun P,A 2 —* VinBun G | Cp . 

Burijvf Bunjvf 

The maps f x Xo extend the strata maps f x Xo from Subsection 3.2.1 above, 

and the properness of Bunp and Bunp- over Bun G implies that the maps 
f x are proper as well. 

3.3.3. Proof of stratification results. 

Proof of Proposition 3.2.2. 

Step 1: Set-theoretic stratification. We first claim that the map 

M/PxP- —> ((G/Up x G/U P -)/M^j/G xG, 

used to define the strata maps is proper. Indeed, this follows from the fact 
that M is closed in (G/Up x G/Up-)/M and the fact that P and P~ are 
parabolic subgroups of G. Furthermore, this map becomes an isomorphism 
when restricted to the interior loci: 

M/PxP- A ((G/Up x G/U P -)/M)/G x G 

Applying the mapping stack construction with the requirement of generic 
factorization through the interior loci to the above map of quotient stacks 
yields the disjoint union / = J{ f\ 1 \ 2 °f the strata maps. Now the valuative 
criterion of properness shows that the map / is a bijection on the level of 
fc-points: The injectivity follows from the uniqueness part of the criterion, 
and the surjectivity from the existence part of the criterion. This establishes 
the stratification on the set-theoretic level, and will complete the proof of 
the Proposition once we show that the maps f~ Xi are indeed locally closed 
immersions. 
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Step 2: The monomorphism property. To show that the map f~ Xi ^ is a 
locally closed immersion, we first show that it is a monomorphism. To do 
so, first note that the closed immersion 

M ^ ( G/Up x G/U P -)/M 
induces a closed immersion 

M/P x P~ > (( G/Up x G/U P -)/M)/P x P~ , 
through which the map 

M/P xP~ —> ((G/P P x G/U P -)/M^j/GxG 

inducing the strata maps f Xi factors. Thus it suffices to show that, 
given an X x 5'-point of M/P x P _ , the corresponding P-bundle and P~- 
bundle on X x S are uniquely determined by the induced X x 5-point of 
((G/Up x G/Up-)/M^j/G x G. We show this for the corresponding P~- 
bundle; the case of the P-bundle is analogous. 

To do so, let for any dominant weight A G denote by P A the corre¬ 
sponding Weyl module of G , i.e., the module 

:= H°(G/B,O(-w 0 X))*-, 

here G/B denotes the flag variety of G, and 0(—wo\)) denotes the line 
bundle on G/B corresponding to the dominant weight —tco(A) € A^. Next 
recall from e.g. [BG1, Ch. 1], [Sch2, Prop. 3.2.8] that, on any scheme, the 
datum of a reduction F P - of a G-bundle Fq to P gives rise to, for each 
A € Aq, a surjection of associated vector bundles 

Vfc -» (<_)*>_, 


and that conversely any P ~-bundle is uniquely determined by this collection 
of quotient vector bundles. We will now show that the collection of quotient 
vector bundles corresponding to the P _ -bundle on X x 5 under consideration 
above is indeed uniquely determined by the induced X x 5-point of (( G/UpX 
G/U P -)/M)/G x G. 


By the definition of Vine via Tannakian formalism in Subsection 2.1.4 
above, the monoid Vine admits a G x G-equivariant monoid homomorphism 
Vine —> End(P A ), for any A G A/,. In particular, any X x 5-point of 
Vine | cp/G x G with corresponding G-bundles P/ ; , Fq gives rise, for each 
A G Ag, to a map of vector bundles 



on X x 5. But by definition of the map f Xi ^ 2 , the surjection V// 
(V/j p _)f p _ agrees with the surjection 



im (/3 a) 
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This shows that the induced X x 5-point of G/Up x G/Up-)/M^/G x G 
uniquely determines the i- > ~-bundle, as desired. 

Step 3: Locally closed immersion. We can now show that f Xi X2 is indeed a 
locally closed immersion. To do so, we denote by B the boundary of 


Bun p- : A! * ' H 
BunAf 


Al,A2 

M,G—pos 


X 

BuriAf 


Bun 


p,a 2 ) 


i.e., the closed complement of the open substack 


Bunp- Ai 


x 

Bun M 


n 


Ai,A 2 

M,G—pos 


X 

Bun M 


Bun 


p,a 2 • 


The image of the boundary B under the map f Xi ^ is a closed substack of 
VinBunc since the map f Xi X2 is proper; let U denote its open complement. 
We claim that taking the inverse image of U under yields the following 

cartesian square: 



U c --- ¥ VinBunc \ Cp 


This follows from the fact that any point of VinBunc \ Cp lying in the im¬ 
age of the boundary B must, due to the stratification of Bunp reviewed in 
Subsection 3.3.1 above, have defect strictly greater than 9 = — Ai. 

The diagonal map of the above square is equal to the map f Xi X2 , which 
we have already shown to be a monomorphism. Hence the left vertical arrow 
is also a monomorphism. Being the base change of the proper map f x ^ , 
the left vertical arrow is also proper, and thus it must be a closed immersion. 
This produces the desired factorization of the map f X] Xr> , showing that it is 
indeed a locally closed immersion. □ 


4. Statements of theorems - Geometry 

4.1. Recollections 

4.1.1. Notation. For a scheme or stack Y together with a map Y —> A 1 we 
denote by 

* : D(F| aK{0} ) —* D(y| {0} ) 


Buiip 
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the unipotent nearby cycles functor in the perverse and Verdier-self dual 
renormalization, i.e., we shift and twist the usual unipotent nearby cycles 
functor by [—1](—^). In this renormalization the functor \k is t-exact for 
the perverse t-structure and commutes with Verdier duality literally and not 
just up to twist. We refer to 'F simply as the nearby cycles. We refer the 
reader to [B] and [BB, Sec. 5] for background on unipotent nearby cycles. 


4.1.2. The complex ftp. Let P be a parabolic of G and let Ai,A 2 € A g,p 
with Ai ^ A2. We now recall the definition of a certain complex flp 1,A2 on 
the G-positive part of the Hecke stack To do so, let 0 Z^ 1 '^ 2 

denote the open relative Zastava space from [BFGM] with degrees Ai,A 2; 
we recall its definition in Subsection 7.1.1 below. 

The stack 0 Z^ 1 ’^ 2 is smooth and comes equipped with a natural map 


. yP, A1A2 

T z • 0 Z rel 


n 


A1A2 


Let 


IC n7 P ’ X l’ X 2 - 
O^rel 


M,G—pos ' 

pmM( 1 


P* 1*2 [ dim 0^r 2 K| dim 0 Z rel lM ) 


0 Z rel 


denote the IC-sheaf of 0 Z^ 1 ’^ 2 ■ Then the complex flp 1 '^ 2 is defined as the 
pushforward 


n x p lM 




The statements of our main theorems will in fact rather involve the Verdier 


dual of 


) hlp 1,A2 


— pz,* (IC p , a 1 , a 2 ) 


0 Z r el 


4.2. Main theorem about nearby cycles 

4.2.1. Nearby cycles for various parabolics P. We can now state our 
main theorem describing the stalks of the nearby cycles functors arising from 
the multi-parameter degeneration VinBun G —> T^ d - = A r . Fix a parabolic 
P of G and consider the line 

Lp = P T+j = A r 

passing through the points c G and cp of T^ d - = A r ; here we identify the 
point 1 € A 1 with the point c G and the point 0 € A 1 with the point cp. 
Let VinBun G \p p denote the restriction of the family VinBun G -* T^ d - to 
the line Lp = A 1 , and consider the nearby cycles functor associated to this 
one-parameter family. Let 'Lp € D(VinBun G | Cp ) denote the nearby cycles 
of the IC-sheaf 

ICvinBmiG | Lp = Q<?[dimBun G +1]dimBun G +5 ). 

Then we have: 
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Theorem 4.2.2. The *-restriction of 4/ p to the stratum 


A!,A 2 VinBun G Icp 
of VinBunG \ Cp is equal to 

IC B , 


= Bun P-,Ai 


Al,A 2 


X 'H M ,G-pos D ~ 
BunM Bunn 


Bun 


PM 


'l Bunn 




A 1 A 2 


BunjK 


IC Bt 


4.3. Main theorem about the ^-extension of the constant sheaf 


We now state our main theorem describing the *-stalks of the ^-extension 
of the constant sheaf of the G-locus VinBuno',6’- As will be clear from 
its formulation, this theorem is very closely related to the nearby cycles 
theorem, Theorem 4.2.2 above; in fact, Theorem 4.2.2 follows from a variant 
of Theorem 4.3.1 below. Thus Theorems 4.2.2 and 4.3.1 will be proven 
simultaneously in Section 7 below. To state the theorem, let jc denote open 
inclusion 

jc ■ VinBurio’.c; c —> VinBunc 

and let 

ICvinBun GiG = Q^ VinBu n G , G [dim VinBun G;G ] (± dim VinBun GjG ) 
denote the IC-sheaf of the G-locus. Then we have: 


Theorem 4.3.1. The *-restriction of the *-extension jc ,* ICvi nBu n GG to 
the stratum 


A 1 ; A2 VinBun G Icp = Bun p- Xl x n X A y}? x Bun 

BunM Bun m 

of the fiber VinBun G \ Cp is equal to 


PM 


ICbu 


BunM 


n x P ^®{H*(A^{ome2)y 


)r-r M 


Kl ICsmip x 
Bunjvf P,Al 


5. Statements of theorems - Bernstein asymptotics 

The Bernstein asymptotics map is commonly treated in the principal case, 
i.e., for the Borel B of G; for simplicity, we restrict to this case here as well. 
One can proceed analogously for the case of an arbitrary parabolic P of G; 
a generalization of the proof below applies, and will be carried out in future 
work of Wang [W2], 
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5.1. The principal degeneration 

We specialize the discussion to the case P = B, i.e., to the family 
VinBunc |p s —> Lb = A 1 . We will refer to this family as the principal 
degeneration of Bung and will also denote it by VinBun^ mc ; we denote the 
nearby cycles sheaf 'h b also by \f)P rmc . We first repeat the basic definitions 
and statements in this notationally simpler case for the convenience of the 
reader. First, note that for P = B we have A g,p = A g and 

ttfeo-jo. = X Bun T j 2 . 

The stratification of the special fiber VinBunc \ CB = VinBun^p thus takes 
the form 

VinBun^p = M Bun B _ ; x ( x Bun fi ; ) , 

’ Bun„ i ’ 

(Ai, 0,A 2 ) T ’ Al 

where Ai, A 2 G A q, 6 G A^ s , and A 2 — 0 = Ai. Similarly to before let $Z B '® 
denote the defect-free absolute Zastava space for the Borel B and a positive 
coweight 0 G Ag OS from [FFKM], [BFGM]; see Subsection 6.3 below for the 

definition and for some basic properties. Let ttz '■ oZ B,e —> X e denote the 
natural forgetful map, and as before define 

Hr := Tz,! (ICq^s.s) • 

Theorem 4.2.2 above in this case then reads: 


Theorem 5.1.1 (Theorem 4.2.2 in the principal case). The *-restriction of 
q,pmnc j- 0 the stratum 


Bun S-, A, 


X 

Bun T.A! 


(X e x Bun s Aa ) 


o/VinBun^p is equal to 

ICBun„_ 5 Kl (ID 1X1 ICBun B x ) • 

B ’ A 1 Bun T v S ’ A 1' 


5.2. Factorization of nearby cycles 

We first record that the nearby cycles sheaf 'F prmc factorizes in the sense 
of Proposition 5.2.1 below. This fact also follows a posteriori from the 
stalk computation of Theorem 4.2.2 above together with the factorization 
of the Zastava spaces. However, we will obtain this fact as a byproduct of 
our study of the geometry of the family VinBunc; in particular, this fact 
will be established without reliance on the formula in Theorem 4.2.2 above. 
An analogous result holds for the nearby cycles 'Lp associated with other 
parabolics P of G and is proven in the same fashion. 
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Proposition 5.2.1 (Factorization of nearby cycles). Let y be a point of 
the special fiber VinBunc; ^ and let D £ X e be its defect value. Then the 
*-stalk of \y princ at the point y depends only on its defect value D; we denote 
the corresponding stalk by \pP rmc \* D . Furthermore, if D\,D -2 £ X 6 are Re¬ 
valued divisors whose supports form disjoint subsets of the curve X and such 
that D\ + D -2 = D, then we have 

yprinc^ [dim(Bun G )](±dim(Bun G )) = <g> * princ \* D2 . 


5.3. The function corresponding to 'F prmc 

Let F q be a finite field with q elements, let X be a smooth projective curve 
over F g , let G be a reductive group over ¥ q , and consider Bun G over ¥ q . We 
will now state a combinatorial formula describing the function corresponding 
to the sheaf *1 jP rmc under the sheaf-function dictionary. To do so, we first 
introduce the following notation: 

5.3.1. Kostant partitions. For 0 £ we define a Kostant partition of 
6 to be a collection of non-negative integers (np)p e R+ indexed by the set of 
positive coroots R + of G, satisfying that 

0 = Y n fp- 

$eii+ 

In other words, a Kostant partition of 6 is a partition 6 = Ylk °f 9 where 
each summand 81 , is in fact a positive coroot of G. Abusing notation we will 
simply refer to the expression 8 = Y^BeR+ as a K° s t an t partition of 6 . 

The finite set of all Kostant partitions of 9 will be denoted by Kostant(0). 
The cardinality of the set Kostant (9) is by definition the value of the Kostant 
partition function of the Langlands dual group G evaluated at the weight 
9 £ A G = Ag of G. 

5.3.2. The statement. For a Kostant partition /C of a positive coweight 
9 £ K P q S we let R/c denote the set of coroots $ appearing in /C with a 
non-zero coefficient ns. Let \R/c\ denote the cardinality of R/c- Then we 
have: 

Theorem 5.3.3. 

(a) Let y be an ¥ q -point of VinBun G) s of defect value 9x for x £ X(¥ q ). 
Then the trace of the geometric Frobenius on the *-stalk at y of the 
nearby cycles '^vinBun pr<nc e 1 ua ^ to 

q-\ dim(Bun G ) q (p,§) ^ ^ _ q ^\R K \ q -\K\ _ 

/C G Kostant (0) 
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(b) Due to the factorization of 'I' 

VinBun princ in Proposition 5.2.1 above, 

if y has defect value JT diXi for Xi G X(¥ q ) distinct, then the corre¬ 
sponding trace is equal to 

g— idim(Bun G ) J-j- q(pA) ^2 (1 _ q)\ R >c\ q-\ K \ . 

* /C £ Kostant(^) 


5.4. Bernstein asymptotics and the conjecture of Sakellaridis 

We now recall the formulation of Sakellaridis’s conjecture from [Sak2]; we 
will deduce it from Theorem 5.3.3 in Section 8 below. In the context of the 
Bernstein map discussed in the introduction we take the local field F to be 
F q ([t)) with ring of integers O = F g ((t)), and consider the group G(F) with its 
standard maximal compact subgroup K = G(0). We will use the notation 
from [Sakl], [Sak2], and [SakV] and refer the reader to these sources for 
details. In particular we let f>o G C°°(G(F)) denote the “’basic function”, 
i.e., the characteristic function of the standard maximal compact subgroup 
K, and let Asymp(^o) denote its image under the asymptotics map. As 
in the above sources we will denote by 1 g the characteristic function of the 
K x A'-coset in (( G/N x G/N~)/T)(F) corresponding to a coweight 6 G Aq- 

Next let x G X(F ? ) and let 

Tr(Frob, ^vinBung^" l<U 

denote the trace of the geometric Frobenius on the *-stalk of the nearby cy¬ 
cles ^ V inR „ n prmc at a point of defect value 9x, multiplied by the normaliza¬ 
tion factor gr dim ( Bun G)/2 ) -which i s a result of our normalization of IC-sheaves. 
Then we have: 

Theorem 5.4.1 (Sakellaridis’s conjecture from [Sak2]). 

Asymp(^o) = 

0eAg os 


6. Proofs I — Construction of local models for VinBunc 

6.1. Definition of the local models 

6.1.1. Strict P-loci. Throughout this section we fix a parabolic P of G. 
Let T^ (j - ^ p denote the open subvariety of formed by the union of those 
strata T^f d - q such that P C Q. Thus under the identification T^f d - = A r the 
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open subvariety Tj d -^ p consists of those points (cj)* e j satisfying that q / 0 
if i € 1m- 

Let >Pstrict denote the strict version of Tj d - >pi defined as the closed 
subvariety 

T + <_v T+ = A' r 

± adj , ^ P, strict ± adj 

obtained by requiring that Cj = 1 if * € 1m■ In particular Tj d - ^ p strict is 
itself an affine space A r ~ rM of dimension r — vm , and 

T+ f- r T+ 

± adj ^ P,strict ± adj,'^P * 


The affine space T>p strict. admits a stratification 

T+ = I I t+ 

adj, ^P ,strict ± adj, ^P, strict,Q ’ 

QDP 


indexed by parabolics Q containing P, where Tj d - > strict q is defined as the 
intersection 


T + 

adj , ^ P, strict , Q 


T + n T + „ 

± adj, ^P ,strict ± adj^Q ’ 


By definition we have that Tj d - ^ Pstrict P = {cp} and that 


T + ^ 

± adj,^P,strict,G 




(A 1 \ {0}) r - r ^ 


C 


A r~ r M 


= T + 

adj^P,strict 


Finally, we denote by (Vin g)^p an d by (Vin g)^p, strict the inverse images 
of the corresponding loci in Tj d - under the map Vine -A Tj d -. 


6.1.2. The open Bruhat locus. We define the open Bruhat locus ('Vin G )>p u,iat 
in (Vin G )^p as the open subvariety obtained by acting by the subgroup 
P x Up- cGxGon the section 


5 : TjdgPpP 

i.e., we define (Yin G)> r p hat as the open image of the map 


PxUp- x T+, 


adj^P 


(Vin G )^ P 
3 oi 

(Vin G ) > p 


ip, u, t) 


ip,u) -s (t). 


We define (Vin G )f™^ ct analogously. Note that by definition the open 
Bruhat locus is contained in the non-degenerate locus, i.e.: 

(Vinc)fSKc C (Yin g)^p, strict FI oVin G 
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6.1.3. GIT-quotient of the strict P-locus and the Bruhat locus. 

The G x G-action on Vine restricts to a G x G-action on the strict lo¬ 
cus ('Vine)P,strict ; and thus induces a G x G-action on its coordinate ring 
k[{Viiic)^p,strict\ • We now recall two lemmas about this action from [Wl]. 
The first one states that the GIT-quotient 

(Vin obp, strict // Up x Up- := Spec(k[(Vm G )^ strict } UpxU r -) 

of (Vin G%p, strict by Up xU P - is naturally isomorphic to M x T^ dj ^ Pstrict , 
strengthening the assertion of part (c) of Lemma 3.1.3: 

Lemma 6.1.4. The inclusion of the subring ofUpX U p- -invariants 

k [(Vine) Strict] UpXU P- <- -» k[(V ilia) ^P, strict} 

induces an M-equivariant map 

(Vin g)^P, strict ^ (Vin g)^P, strict // Up X Up- — M X T a dj^p strict' 

The composition of this map with the projection onto the second factor re¬ 
covers the usual map (Vin g)^p, strict —>• Tadj ^pstrict- The base change of this 
map along the inclusion M x {cp} M x T^ d - ^ pstrict recovers the map 
from part (c) of Lemma 3.1.3. 

Over the open M C M we have: 

Lemma 6.1.5. The base change of the map from Lemma 6.1.4 above along 
the inclusion M ^ M yields a cartesian square 

(Vin G )“ rf -> (Vin cbp,strict 

M X Tadj,^P,strict > M X T adj,^P,strict 

in which all arrows are M-equivariant. Furthermore, the left vertical arrow 
is a Up x Up- -torsor; thus we obtain an identification of the stack quotient 

(Vin G )f ^Ict/UpxUp- A MxT+ dj ^ strict . 

6.1.6. The definition of the local models. We now define the local model 
for the P-locus as 

Y P ■= Map Sgen (V, (ymch^strict/PxUp- D (Vin G )f P*U P -) . 

Note that by Lemma 6.1.4 above the open substack used in this definition 
satisfies 

(VinoJf^SL/r x Up- = T+ dj>Pstrict , 
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6.1.7. Natural maps. Analogously to VinBunc, the local model Y p comes 
equipped with a map 


v : Y* 


T + 

adj^P,strict ' 


Furthermore, by Lemmas 6.1.4 and 6.1.5 above, the natural map from the 
stack quotient to the GIT quotient 

(Ving)^^ strict / Up X Up- t (Vin g)^P, strict // Up X Up— 

induces a map 

^ Gr M,G-pos X 'Uadj^P,strict ' 


Let Y p —» Gtm, G-pos be the map obtained by composing the above map 
with the projection onto the factor Gr m,G- pos- Given an element 6 £ X P q S p 

we define Y P(> as the inverse image of Gr %, G-pos under this map; thus we 
obtain a map 


7r : 


yP,6 


Gr 


e 

M,G—pos 


and, composing with the map Gr 9 MG _ pos —> X 9 , a map 


Y 


p,e 


x b 


6.1.8. Stratification by parabolics. The stratification of T p d - > p strict in¬ 
dexed by parabolic subgroups Q of G containing the parabolic P induces a 
stratification 

y pJ - U 

QDP 

Furthermore, exactly as in Subsection 2.2.5 above we have: 

Remark 6.1.9. Let Q be a parabolic containing P. Then the fiber bundle 
Y Q 9 T adj,Q,strict is tr ivial. 

Next let o Z p,e denote the defect-free Zastava space from [BFGM]; its def¬ 
inition is recalled in Subsection 6.3 below. Then directly from the definition 

of yPfi we see: 

Remark 6.1.10. The fiber Y P ’ 9 \ CG ofY p,9 over the point cq £ T P d] ^ Pstrict 
is naturally isomorphic to the the defect-free Zastava space o Z p - e . 
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6.2. Factorization in families 

Let t € T p d - strict and let Y p \ t denote the fiber of the map v over the 
point t. Then since 

(Vine) f?XiJPxU P - = T* j>PM 

by Lemma 6.1.4 above, we find that 

Y p \ t = Maps 9en (X (Vin G | t )/P x U P - D pt) 

parametrizes maps from the curve X to the quotient (Vin G |f)/P x U P - 
which generically on X factor through the dense open point 

((Vin G )f^ ct )| t /Pxt/ P - = pt. 

In particular, this shows that the spaces Y p,9 \ t are factorizable with respect 
to the maps Y P)9 \ t X 9 , in the sense of Subsection 3.1.8 above. In fact, 
the above shows the stronger statement that the local models Y P)9 factorize 
in families over T P d - >p strict in the sense of the following lemma: 

Lemma 6.2.1. Let $i,02 G an d let 6 := 6 \ + 62 - Then the addition 

map of effective divisors 

X 9l x X 92 —> X 9 
induces the following cartesian square: 

Y p f 1 x y P ’ 92 _ > Y P ' 9 

T+ 

adj^P, strict 

X&) x X^ - 4 X^ 


6.3. Recollections on Zastava spaces 

6.3.1. The definition of parabolic Zastava space. Let P be a parabolic 
of G. Recall from [BFGM] and [FFKM] that the parabolic Zastava space 
Z p is defined as 

Z p := Maps 9en (X, (G/U P )/M x U P - D pt) 

where the dense open point corresponds to the open Bruhat cell P-U P ~ C G. 
As is discussed in [BFGM] and [BG2], the Zastava space forms a local model 
for the space Bunp. Here we recall some relevant properties; we refer the 
reader to [BFGM] and [FFKM] for a more detailed treatment and proofs. 
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6.3.2. Basic properties. First, we recall that the open subspace 
0 Z p := Maps gen {X, (G/U P )/M X U P - D pt ) 


of Z p is smooth. Next, recall that the map G/Up —>• M from Lemma 3.1.3 
above induces a map Z p Gr M,G-pos- Similarly to above we denote by 
Z p - e the inverse image of Gr^ G _ under this map, and analogously for 
o Z P ' e . By definition we obtain projection maps 


Z p ’° 


Gr 


6 

M,G—pos 


and 

Z p ’° —> X § . 

The spaces Z pe are factorizable with respect to the maps Z Pd —> X e in the 
sense of Subsection 3.1.8 above. 


6.3.3. Stratification. The Zastava spaces Z p - e admit a defect stratification 
analogous to the stratification of Bunp discussed in Subsection 3.3.1 above. 
Namely, as in Subsection 3.3.1 above, the action map 

M x G/Up —> G/Up 


induces locally closed immersions 
e-e+S' 

n M,G-pos * 

Duniu 


z p f-0' 


z 


Pfi 


locally closed 
^ O' ^ 9, the 

substacks §/Z P ' e form a stratification of Z p - e \ 

z p * = U 

o^e’^e 


for any 9, 9' G A P q S p with O' ^ 9. We denote the corresponding 
substack by q,Z P ' 6 . Ranging over those O' £ A P q S p satisfying 0 


6.3.4. Minor variants of Zastava space. Below we will also consider the 
following two variants of the above Zastava space. First, we will consider 
the relative Zastava space 

Z p unM := Maps, en (W (' GjU^)/M X P~ D -/M ). 

It comes equipped with a forgetful map Z p >un ^ —> Bun M induced by the 
composite map 

(G]Up)/M x P~ —> -/P~ —> -/M, 

and the fiber of this forgetful map over the trivial M-bundle is precisely 
the Zastava space Z p considered above. The discussion from Subsections 
6.3.2 and 6.3.3 above carries over to this setting, and we use the analogous 
notation. Finally, given a coweight A G A q >p = 7ro(Bunjvf) we denote by 
Zbu n M - x restriction to the corresponding connected component of Bun m. 
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Second, unlike above, consider now the map Z P Am ^ —> Bunjv/ induced by 
the forgetful composite map 

(G/U P )/M x P~ —» -/M x P~ —> -/M. 

Then we define the Zastava space Z p as the fiber of this map over the trivial 
M-bundle. The discussion of Subsections 6.3.2 and 6.3.3 above applies to 
the Zastava space Z p as well, with the analogous notation. 

6.3.5. Embeddings of Zastava spaces into affine Grassmannians. 

Next let Gr^. denote the Beilinson-Drinfeld affine Grassmannian parametriz¬ 
ing triples ( F G ,D,r 7 ) consisting of a G'-bundle F G on the curve X, a X G s p - 

valued divisor D € X e , and a trivialization of the G'-bundle Fq on the 
complement of the support of the divisor D. By construction the space Gr^. 
admits a forgetful map Gr^. —> X e , and is factorizable with respect to this 
map in the sense of Subsection 3.1.8 above. We recall from [BFGM] that 
the Zastava spaces Z P ' e and Z p ,e admit natural locally closed embeddings 
into Grg which are compatible with the factorization structures. 

6.3.6. Sections for Zastava spaces. By Lemma 3.1.3 above, the inclusion 
M ^ G/Up induces a section 

. pj _ v yPfi 

G Z • ^ T M,G-pos > Z 

of the projection Z pe — > Gr MG _ pos . This section in fact maps Gr M G _ pos 

isomorphically onto the stratum of maximal defect gZ p - e . Analogously we 
obtain a section 

n . r< r d _. yP~ fi 

°Z- ■ y ,l M,G-pos r Zr 

of the projection map Z p ' e — > Gi° M G _ pos . 

6.3.7. Contractions for Zastava spaces. Next recall from [MV] that any 
cocharacter A : G m —> T naturally gives rise to an action of G m on the 
Beilinson-Drinfeld affine Grassmannian Gr^. which leaves the forgetful map 
Gr^ —» X e invariant. Fix a cocharacter um : G m —>■ Zm C T which 
contracts Up- to the element 1 £ Up- when acting by conjugation. Then 
it is shown in [BFGM] that the corresponding i/^-action of G m on Gi e G 
preserves the subspace Z p ’ , and that this G m -action contracts Z p,e onto 
the section az above, i.e.: The action map of this G m -action extends to a 
map 

A 1 x Z p ' 8 —► Z p '° 

such that the composition 

Z p ' 8 = {0} x Z p ’’ s c —» A 1 x Z p ’ § —> Z p ' 6 
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agrees with the composition of the projection and the section 


gP,6 _ \ (J ^ , \ r 7P-,6 


y Gr M' G - p os Z* 

Analogously, the (—I'm )-action of G m on Gr^. preserves the subspace 
Z p ’ 6 and contracts Z p onto the section o. 


6.4. Stratification of the local models 


The stratification of the fiber VinBunc \ Cp in Proposition 3.2.2 above 
induces an analogous stratification of Y p,e \ Cp . To state it, let 61 ,( 1 , 62,6 € 
Ag’p with 6 \ + (1 + 62 = 6 . Then the strata map / from Subsection 3.2.1 
above induces a locally closed immersion 


Y 


p,e I 


1 c P ■ 


We denote the corresponding locally closed substack of Y P ' e \ Cp by ^ - qY P ' 6 
We then have: 


Corollary 6.4.1. The locally closed substacks ^ ^ § 0 Y P ’ 9 \ Cp form a stratifi¬ 
cation ofY p,e \ Cp , i.e.: On the level of k-points the space Y p,d \ Cp is equal to 
the disjoint union 


v p fi\ 

1 I cp 


U 


- vPfi I 
61,(1,62 ' Cp 


6 i+fi +62 = 6 


For notational simplicity the stratum 0 g qY p,s \ Cp of maximal defect (1 = 6 
will also be denoted by aY p,d \ Cp . By definition we have: 


. V p ,8\ 

9 1 I c P 


= Gr 1 


e 

M,G—pos 


6.5. Section and contraction for the local models 

6.5.1. The canonical idempotent ep in the Vinberg semigroup. Us¬ 
ing the section s of the map Vine -» T p d - from Subsection 2.1.6 above, we 
define 

e P := s(c P ) € Vin G \ Cp . 

The element ep is an idempotent for the multiplication in Ving, i.e., it 
satisfies ep ■ ep = ep. By definition of Yin g,^p, strict, multiplication by ep in 
Vine from the right or from the left defines a map 

Yin g,^p, strict ^ Vine | cp ■ 

We will use the following fact (see e.g. [Wl]): 
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Lemma 6.5.2. The image of the map 

Vin G,^P, strict f Vine \ Cp 

obtained by multiplying by ep from the left agrees with the natural embedding 

Gju; <-—■» Vine \ Cp 

from Subsection 3.1.2 above. Similarly, the image of the map 

Vin g.^p, strict t Vine | cp 

obtained by multiplying by ep from the right agrees with the natural embed¬ 
ding 

G/Up- c —Vine \ Cp 
from Subsection 3.1.2 above. 


6.5.3. Embeddings for the local models. Lemma 6.5.2 above gives rise 
to natural maps 


Vin G,^P,strict /Ex Up- 


(G/U P )/M x U F 


and 


Vin g,^P, strict /P x U P ~ — > ( G/U P -)/P . 

Passing to mapping stacks we obtain natural maps 

Y p ,e —> z P,e and Y P,e z P~,e 

which are compatible with the projections to Gr 0 MG _ pos . Then the resulting 
map 

r: Y P ' 0 —► Z P ~J x Z p * 


^ M,G-pos 


x T + 

± adj,^P,strict 


obtained by taking the product of the above two maps to the Zastava spaces 
and the natural map Y p,e —> T p d - >Pstrict is a closed immersion. 

6.5.4. The section a. Part (c) of Lemma 3.1.3 and Lemma 6.1.4 together 
imply that the inclusion M ^ Vine \ Cp from Subsection 3.1.2 above induces 


a section 


of the projection map 


a : Gr' 


e 

M.G—pos 


Y 


P.d 


„ . v p,e 

7 t : i ’ 


n J) 

U1 M,G-pos 


By construction this section maps Gr %,G-pos isomorphically onto the stra¬ 
tum of maximal defect: 


a : Gr 1 


.6 


3 V 


P. d I 


Y 


P.d 


1 M,G—pos 7 0 1 I cp 

Alternatively, the section a can be constructed as follows: Define a map 


n r d 

M,G-pos 


'yP-.d 


Z 


P.d 


Gr 1 


T+ 

adj^P, strict 


M,G—pos 
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by choosing the map to the first factor to be the section a z - from Subsection 
6.3.6 above, the map to the second factor to be the section a z , and the map 
to the third factor to be the constant map with value cp £ T p d - ^p strict - 
Then by construction of the embedding r from Subsection 6.5.3 above, this 
map factors through the subspace Y P '° and agrees with the section a. 


6.5.5. Contracting the local model onto the section. As in Subsection 
6.3.7 above we fix a cocharacter Dm '■ G m —> Zm C T which contracts U P - 
to the element 1 £ Up- , and consider the corresponding z^-action on Z p,e 
and the corresponding (—z>jvf)-action on Z p - 6 . Then we let G m act on the 
product 


7P~,e 


Z 


p,e 


x T 


Gr 1 


adj^P,strict 


M,G—pos 


as follows: We act on the first factor via the (—z>M)-action on Z p ’ , we 
act on the second factor via the vm ~action on Z p,e , and we act on the third 
factor via the cocharacter (— 2Dm) '■ G m — > T and the usual action of T on 
Tadj strict- This G m -action preserves the subspace Y P ’ , and in fact we 
have: 


Lemma 6.5.6. This G m -action contracts the subspace Y PJ> onto the sec¬ 
tion a, i.e.: The action map of this G m -action extends to a map 

A 1 x Y P ’ 9 —> Y p ’° 


such that the composition 


-p,e 


Y p -e = |o| x Y p ’° c—A 1 x Y p ' § —> Y 
agrees with the composition of the projection and the section 


Y 


p,e 


Gr 


.8 

M,G—pos 


Y 


Pfi 


Proof. Since the map r from Subsection 6.5.3 above is a closed immersion 
and is compatible with the projection maps to Gv e M G _ pos , it suffices to show 
that the action contracts the ambient space 


tP -,8 


Z 


P ,8 


Gr 1 


T+ 

adj,^P,strict 


M,G—pos 


onto the section a. By Subsection 6.3.7 above we only have to show that 
the action of G m on T p d ■ via the composition G m T — > T p d - contracts 

T adj^P,strict ° nto the P° int C P e T adj,^P,strict- T ° See thi S, let l £ 1. Then 
for i £ Zm the integer < —2 Am, oti > is equal to 0 since % factors through 
the center of M\ if i <f Zm the integer < —2 VMi&i > is positive since % 
contracts Up-, as desired. □ 
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7. Proofs II — Sheaves 

7.1. Restatement of geometric theorems for the local models 

By the exact same argument as in [BFGM], [BG2], or [Schl], it suffices 
to prove the theorems stated in Section 4 above on the level of the local 
models. For the convenience of the reader, we now restate the theorems in 
the notation of the local models: 


7.1.1. Nearby cycles theorem. As above we fix a parabolic P of G and 
consider the line Lp = A 1 T p d - = A r passing through the points cq and 
cp of = A r , identifying the point 1 G A 1 with the point cq and the 
point 0 € A 1 with the point cp. We denote by Y P 6 \l p the restriction of the 
family Y PJI -j- T p dj ^ Pstrict to the line L P = A 1 and by 'Fp <E D(Y P °\ Cp ) 
the corresponding nearby cycles of the IC-sheaf 

IC Wh W0} = ^[dimy^| Lpx{0} ](idimF^| Lpx{0} . 

of its G-locus Next recall from Subsection 3.1.6 above that for any 9 € A p P p 
the fiber of the forgetful map 

n m'g- P os —► Bun M,0 

over the trivial bundle in Bun^.o naturally identihes with Gx e M G _ pos . We 
will denote the corresponding version of the complex flp on the space 
Gr M,G-pos from Subsection 4.1.2 above by Q e P ] i.e., we define the complex 
flp on Gr e M G _p OS as the pushforward 

Up := 7Tz,! {^-G oZ p,e) ■ 

Then to prove Theorem 4.2.2 above we have to show: 


Theorem 7.1.2. The *-restriction of^p to the stratum of maximal defect 


K,r M,G-pos 


= nY 


PM I 


I Cp 


Y p fi | 


Cp 


0 fY p,d \ Cp is equal to the complex OQ p . 


7.1.3. The ^-extension of the constant sheaf. We begin with a basic 
lemma needed to reduce the proof of Theorem 4.3.1 to a version for the local 
models. To state it, let YmBmiG^p,strict denote the restriction of the family 
VinBunc —>• T p d - to the closed subvariety 



= A r . 


T + . 

adjj^P 
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We denote by VinBun g,^p, strict,G the G -locus of this family, i.e., the re¬ 
striction of this family to the open stratum T+ dj ^ Pstrict G of T+ dj ^ Pstrict 
introduced in Subsection 6.1.1 above. Let 

j^P,G,strict ■ VinBun G ,^p,strict,G ^ VinBun G,~^P,strict 

denote the corresponding open inclusion, and as before let jc denote the 
open inclusion 

jc ■ VinBun GjG 5 —> VinBunc; . 

For the purpose of stating the lemma we denote by i P \ 1 \ 2 the inclusion of 
the stratum 

V,A 1 ; A 2 : A 1 ; A 2 VinBun G \c P » VinBun G | Cp . 

Then we have: 

Lemma 7.1.4. 

*P,Ai,A 2 3G,* (Q^)vinBun GiG = *P,Ai,A 2 j^P,G,strict,* (Q^)vinBun Gi -sp iStr i CtiG 

Proof. Using analogous notation to above, consider the open inclusion 

j^P,G '■ ViiiBuricx; 5 —> VinBun Gi ^p . 

Then since VinBun G! ^p is an open substack of VinBun G containing both 
the open substack VinBun G)G and the locus VinBun G ,p we have: 

*P,Ai,A 2 -It?,* (Q^)vinBun G>G = *p,Ai,A 2 3^P,G,* (Q^)vinBun G>G 
Next observe that T^j d - >p by definition splits as a product 

Tadj,^P = ^adj^P,strict X A 1 \ {0} , 

iGIm 

and consider the T a dj- action on VinBun G from Subsection 2.2.5 above lifting 
the T a dj- action on T^j d - . Then the subgroup 



iei M 

acts simply transitively on the second factor in the above product decom¬ 
position. Lifting the action of this subgroup to VinBun G] ^p then yields a 
product decomposition 

VinBun G ^p = VinBun g,^p, strict x A 1 \ { 0 }. 

i&1 M 

This product decomposition identifies the open substack VinBun GiG of the 
left hand side with the open substack 

VinBun g,^p, strict,G x A 1 \ {0} 

*6X m 
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of the right hand side, and the fiber VinBunc \ Cp with the closed substack 

VinBunc \ Cp x HOI; 

i&X M 

this implies the claim. □ 

By Lemma 7.1.4 above the assertion of Theorem 4.3.1 now reduces to the 
following analog for the local models: 


Theorem 7.1.5. 


stratum of maximal defect 

gA 


The *-restriction of the *-extension jo,* IC P} g to 


the 


= aY P ’® 1 


1 M,G—pos 0 1 I cp 

of the fiber VinBun?; \ Cp is equal to the complex 


Y 


Pfi 


»4 ® G ,Q f )[r - = 

= 1*4 ® ff*((A 1 x{0})’-'",Q ( )[r-r M ](=*t). 


7.2. Proof of Theorem 7.1.3 


In Subsection 6.5 above we have constructed a G m -action which contracts 
the local model Y p,e onto the section 


a '■ Gr M,G-pos 
of the projection map 

Y 




Pfi i 


I Cp 


Y 


Pfi 


Pfi 


Gr 


e 


n ■ 1 ? yjl M,G—pos ■ 

In this setting, the well-known contraction principle (see for example [Br, 
Sec. 3] or [BFGM, Sec. 5]) for contracting G m -actions states: 


Lemma 7.2.1. For any G m -monodromic object F € D(Y P ' e ) there exists a 
natural isomorphism 

(j*F 9* 7r*F. 


We can now complete the proof of Theorem 7.1.3: 

Proof of Theorem 7.1.3. Denote by 

v P,fl . r, e 
71 G : Y c > Gr M G _ pos 

the restriction of the projection 7r to the G-locus Y pe of Y p - e . Applying the 

contraction principle to the G m -equivariant sheaf j G ,* IC P fi, we compute 

5 g' 

the desired restriction as 

v* ]G,* IC ■>,, = jc,* IC,.?,# = pg,* IC,.?#,. 

y g y g y g 
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But Remark 6.1.9 and Remark 6.1.10 show that 


Y G ’ 6 =* 0 Z P ’° x T+ 


as spaces over T\, 


adj , ^ P,strict,G 


adj, ^ P, strict, G 
. Thus we conclude that the desired restriction 


is equal to 

ttg,* IC y p,s = 7 t g ,* (IC oZ p,e Kl T p dj ^ Pstrict G 
= Tz,* IC 

= ® H%T^ Pstrict G Md[r ~ r M ](^' 


zP , e - 0 ^( T a%^P,,tri C t,G> IC T+.^ PstrictiG ) 


□ 


7.3. Proof of Theorem 7.1.2 


Proof of Theorem 7.1.2. For the purpose of the proof we denote the inclu¬ 
sion of the special fiber Y P ' d \ Cp of the one-parameter family 


by 


Y 


%P 


P,6\ 


L P 


. y P ’° 


Cp 


Lp = A 1 

y p % P 


Y p ’ e \ Lf 


r< J) 

^ l M,G-pos ■ 


the inclusion of its G-locus by 

. \rP, 6 \ , 

jg • y Il p \{o} 

and the projection map of its G -locus by 

no ■ ^ P ^Il p \{o} — 1 
Recall furthermore that 

Y P ’° Ilpx{0} = o Z P ’ S x (Lp \ {0}) 

as spaces over Lp \ {0}. Finallly, observe that the G m -action on Y p - e 
from Subsection 6.5.5 above preserves the one-parameter family Y p - e \p p 
and hence contracts it onto the stratum of maximal defect 


^ r M,G-pos 


= §Y 


P£\ 


I c P 


Y 


p,e i 


I Cp ) 


we will hence be able to apply the contraction principle stated in Lemma 
7.2.1 above. To compute cr*Tp we first apply Koszul duality for nearby 
cycles and find 


(t**p = a* i* P jo,* IC 


Y P,e\ 


ipv{ 0 } 


HK4) 


H*(L P \{ OR 




H*(L P \{0}j 
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Applying the contraction principle from Lemma 7.2.1 above to the G m - 
equivariant sheaf jo * ICw^, we therefore compute 

1 ' Up\{ 0 } 

a*^ P = 7r*j Gj * IC yPi 9, [-1](-|) <8> Qe = 

lLpM0} " h *( l p ^{ 0},Q<) 

= ^G,* (IC z p,« E3 (Q^)l pX {o}) ® = 

H*(L P ^{0},® e ) 

= 7rz,*IC z p,g <S) H*(Lp \ {0}, Q^) ® _ Qe = 

H*(L P x{ 0},Q £ ) 

= 

completing the proof. □ 


8. Proofs III - Bernstein asymptotics 

We first recall two well-known facts about the nearby cycles functor; see 
Subsection 4.1.1 above for our conventions and normalizations regarding 
nearby cycles. 

8.0.1. Nearby cycles and fiber products. Next let Y —> A 1 and Y' -a A 1 
be two stacks or schemes over A 1 , let F and F' be objects of D(F| A i x r 0 }) 
and D(y'| AK {o } ), and denote 

FEJF' := (FBF')|^ xy ,[-l](-i). 

A Al 

Recall that we denote the unipotent nearby cycles functor by 4'; denote by 
R7 full the full nearby cycles functor. Then we have the following lemma (see 
[BB, Sec. 5]), which we will in fact only apply in the case where T f u u = T: 

Lemma 8.0.2. On the product y|r 0 } x Who} there exists a canonical iso¬ 
morphism 

^fuii{F M F') = f u ii(F) IEI f u u(F'). 

A 1 


8.0.3. Unipotence in the equivariant setting. Next we recall the fol¬ 
lowing fact regarding the unipotence of the nearby cycles (see e.g. [G2, 
Lemma 11]): 

Lemma 8.0.4. Let Y —>■ A 1 be a scheme or a stack over A 1 , and assume 
that there exists a G m -action on Y which lifts the standard G m -action on A 1 . 
Let F be a G m -equivariant perverse sheaf on PIaNIo}- Then the full nearby 
cycles of F are automatically unipotent, i.e., we have Vk f u ii(F) = 'L(F). 
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8.1. Factorization of nearby cycles 

Proof of Proposition 5.2.1. It suffices to prove the claim on the level of the 
local models Y B . By Lemma 8.0.4 the full nearby cycles functor of the 
principal degeneration VinBun^ ?nc is unipotent. We can thus apply Lemma 
8.0.2 above for the unipotent nearby cycles ^iP rmc - the claim then follows 
from the factorization in families for the local models Y B stated in Lemma 
6.2.1 above. □ 


8.2. Proof of Theorem 5.3.3 

8.2.1. The complexes and U® from [BG2]. Let 6 £ Xq S . In [BG1], 
[BG2], and [BFGM] certain complexes f IP and U e on X e are introduced; we 
refer to these articles for their definitions and motivation. Here we will only 
be interested in these complexes on the level of the Grothendieck group, and 
in a description of the complex in the Grothendieck group in terms of 
Pl e and U e which will allow us to compute the function corresponding to Pl e B 
under the sheaf-function correspondence. 

To state the descriptions of Vt e and U e , we introduce the following nota¬ 
tion. First, for #i ,$2 € Ag OS we denote by 

add : X §1 x X° 2 —> X §1+ ° 2 

the addition map of A^-valued effective divisors on X. Next, to any 
Kostant partition 

1C- 0 = 

of a positive coweight 9 £ A^ A we associate the partially symmetrized power 

X K := Yl 

j3&R+ 

of the curve X. We denote by 

ilC : X K —»■ 

the hnite map dehned by adding A^“ A -valued divisors. Finally, for a local 
system L on X we denote by A ^ n \L) the ?r-th external exterior power of L 
on X < ' n i. We can now state the following result from [BG2, Section 3.3]: 

Lemma 8.2.2. In the Grothendieck group on X 6 we have: 

= © %,* (SA^)(Q a ) [ n p]( n p)) 

1 C E Kostant ( 0 ) 

Similarly we recall from [BFGM, Theorem 4.5]: 



46 


SIMON SCHIEDER 


Lemma 8.2.3. In the Grothendieck group on X e we have: 

U d = © k,* Q«k[ 0 ]( 0 ) 

JC G Kostant (0) 

8.2.4. Description of Cl B in the Grothendieck group. We can now 

recall the aforementioned description of the complex Q B on X e in the 
Grothendieck group, which follows directly from Corollary 4.5 of [BG2]: 

Lemma 8.2.5. In the Grothendieck group on X e we have: 

n s B = ^ add*(n Sl IS U e ^ 

0 l+ 62=0 

Here the sum runs over all pairs of positive coweights (9 \, 62 ) satisfying 

01+02 = 0 . 


8.2.6. Proof of Theorem 5.3.3. 

Proof of Theorem 5.3.3. Given a Kostant partition /C : 0 = n + we 

define \X\ := YlpeR+ n $’i ™ other words, we define |/C| := dim X K: . Let now 
x € X(Fg). Then Lemmas 8.2.2, 8.2.3, and 8.2.5 above together imply that 
in the Grothendieck group we have 

(Mfl)lfe = E E Qg[2|/C!|] (l/Cil) ® Q,[/C 2 ](0) 

0 ±-\- 0 2—H K1X2 

where X\ ranges over the set Kostant(0i), where /C 2 ranges over the set 
Kostant (0 2 ), and where /C 2 is simple in the sense that each integer n^ ap¬ 
pearing in /C 2 is either 0 or 1. Indeed, if one of the integers is larger 

than 1, the corresponding stalk of the external exterior power A^ n p\Qi x ) 
vanishes. To reformulate the last formula, note that giving a sum decompo¬ 
sition 0i + 0 2 = 0 and Kostant partitions tC\ and /C 2 as above with /C 2 simple 
is equivalent to giving a Kostant partition /C of 0 together with a subset S 
of the set of roots appearing in 1C. Thus the above formula can be rewritten 
as _ 

mUl = E E Q£[2|/C|-|S|](|/C|-|S|) 

K ScRk 

where X ranges over the set Kostant(0), where S ranges over all subsets of 
R/C, and where 151 denotes the cardinality of S. Passing to the value of the 
corresponding function, we find 

E E (-iW<r |K| - 

K ScRk 


E (-i)V 

scr k 


Rk 


But since 


(! -q) 
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the last expression is equal to 

Y (1 - q) lRlcl . 

K G Kostant(0) 

Observing that the codimension of the stratum of defect 6 is (2 p, 9) and 
recalling our normalization of IC-sheaves to be pure of weight 0, the formula 
follows as stated. □ 


8.2.7. Proof of Theorem 5.4.1. 

Proof of Theorem 5.4-1- We first recall Sakellaridis’s Gindikin-Karpelevich- 
formula for Asymp((/>o), using the same notation as in [Sakl], [Sak2], In 
particular we use the notation 

e A , = q {p, A) 

for a coweight A G Aq- Then Sakellaridis’s formula from [Sakl, Section 6] 
states: 

1 — e“ 

Asymp(4) = J] i _ 
a&R+ 

Expanding the denominators as geometric series, the formula becomes 

oo 

II (e°'“ + q~ i& { 1 - q)e . 

ia = 1 

Multiplying out we obtain the expression 

1C- Eaha 

where the sum is running over all Kostant partitions /C : ^ - i&ot of all 
positive coweights of G. Since Yla-ia ^o 1 = \^ic\ and since ^2 & ia = \A\ the 
last expression in turn is equal to 

X] Y (1 -q^q-Wqb&lg, 

/CeKostant(0) 


as desired. 


□ 



48 


SIMON SCHIEDER 


References 

[BB] Beilinson, A. A., Bernstein, I. N., A proof of Jantzen conjectures, I. M. Gelfand 
Seminar, Adv. Soviet Math., 16, Part 1, 1-50, Amer. Math. Soc., Providence (1993). 

[B] Beilinson, A. A., How to glue perverse sheaves, K-theory, arithmetic and geometry, 
Moscow, 1984-1986, 42-51, Lecture Notes in Math. 1289 (1987). 

[BD1] Beilinson, A. A., Drinfeld, V., Quantization of Hitchin’s integrable system and 
Hecke eigensheaves, preprint, available at: 

http: //www.math. uchicago.edu/~mitya/langlands/hitchin/BD-hitchin.pdf 

[BD2] Beilinson, A. A., Drinfeld, V., Chiral Algebras, AMS Colloquium Publications 51 , 
AMS (2004). 

[BFO] Bezrukavnikov, R., Finkelberg, M., Ostrik, V., Character D-modules via Drinfeld 
center of Harish-Chandra bimodules, Invent. Math. 188 (2012), 589-620. 

[BK] Bezrukavnikov, R., Kazhdan, D., Geometry of second adjointness for p-adic groups, 
arXiv:1112.6340. 

[BKu] Brion, M., Kumar, S., Frobenius Splitting Methods in Geometry and Representa¬ 
tion Theory, Progress in Mathematics, 231 (2005), Birkhauser, Boston. 

IBij Braden, T., Hyperbolic localization of intersection cohomology, Transform. Groups 8 
(2003), no. 3, 209-216. 

[BFGM] Braverman, A., Finkelberg, M., Gaitsgory, D., Mirkovic, I., Intersection coho¬ 
mology of Drinfeld’s compactifications, Selecta Math. (N.S.) 8 (2002), no. 3, 381-418. 

[BG1] Braverman, A., Gaitsgory, D., Geometric Eisenstein series, Invent. Math. 150 
(2002), no. 2, 287-384. 

[BG2] Braverman, A., Gaitsgory, D., Deformations of local systems and Eisenstein series, 
Geom. Funct. Anal. 17 (2008), no. 6, 1788-1850. 

[GY] Chen, T.-H., Yom Din, A., A formula for the geometric Jacquet functor and its 
character sheaf analogue, arXiv: 1507.00606. 

[DCP] De Concini, C., Procesi, C., Complete symmetric varieties, Invariant theory, Lec¬ 
ture Notes in Math. 996 , Springer Berlin (1983), 1-44. 

[Drl] Drinfeld, V., Varieties of modules of F -sheaves, Functional Analysis and its Appli¬ 
cations 21 (1987), 107-122. 

[Dr2] Drinfeld, V., Cohomology of compactified manifolds of modules of F -sheaves of 
rank 2, Journal of Soviet Mathematics 46 (1989), 1789-1821. 

[DrW] Drinfeld, V., Wang, J., On a strange invariant bilinear form on the space of auto- 
morphic forms, arXiv: 1503.04705. 

[DrGl] Drinfeld, V., Gaitsgory, D., Compact generation of the category of D-modules on 
the stack of G-bundles on a curve, arXiv: 1112.2402. 

[DrG2] Drinfeld, V., Gaitsgory, D., Geometric constant term functor(s), arXiv:1311.2071. 

[ENV] Emerton, M., Nadler, D., Vilonen, K. A geometric Jacquet functor, Duke Math. 
J. 125 , (2004), 267-278. 

[FM] Finkelberg, M., Mirkovic, I., Semiinfinite Flags I, Differential topology, infinite- 
dimensional Lie algebras, and applications, Amer. Math. Soc. Transl. Ser. 2 194 
(1999), 81-112. 

[FFKM] Feigin, B., Finkelberg, M., Kuznetsov, A., Mirkovic, I., Semiinfinite Flags II, 
Differential topology, infinite-dimensional Lie algebras, and applications, Amer. Math. 
Soc. Transl. Ser. 2 194 (1999), 113-148. 

[Gl] Gaitsgory, D., A strange functional equation for Eisenstein series and miraculous 
duality on the moduli stack of bundles, arXiv: 1404.6780. 

[G2] Gaitsgory, D., Construction of central elements in the affine Hecke algebra via nearby 
cycles, Inv. Math. 144 (2001), 253-280. See vl of arXiv: 9912074. 

[G3] Gaitsgory, D., Notes on the Geometric Langlands Program, available from 
http: / / www.math.harvard.edu / ~gaitsgde / GL / 



GEOMETRIC BERNSTEIN ASYMPTOTICS 


49 


[G4] Gaitsgory, D., Outline of the proof of the geometric Langlands conjecture for GL(2), 
arXiv: 1302.2506. 

[Laf] Lafforgue, L., Une compactihcation des champs classifiant les chtoucas de Drinfeld. 
J. Amer. Math. Soc. 11 (1998), 1001-1036. 

[MV] Mirkovic, I., Vilonen, K., Geometric Langlands duality and representations of alge¬ 
braic groups over commutative rings, Ann. of Math. 166 (2007), 95-143. 

[Pu] Putcha, M., Linear algebraic monoids, London Mathematical Society Lecture Note 
Series 133, Cambridge University Press, Cambridge, 1988. 

[Re] Renner, L., Linear algebraic monoids, Encyclopaedia of Mathematical Sciences 134, 
Invariant Theory and Algebraic Transformation Groups V, Springer Verlag, Berlin, 
2005. 

[Ril] Rittatore, A., Monoides algebriques et plongements des groupes, These de Doctorat, 
Institut Fourier, 1997. 

[Ri2] Rittatore, A., Algebraic monoids and group embeddings, Transform. Groups 3 
(1998), no. 4, 375-396. 

[Ri3] Rittatore, A., Very flat reductive monoids, Publ. Mat. Urug. 9 (2001), no. 4, 93-121. 

[Ri4] Rittatore, A., Algebraic monoids with affine unit group are affine, Transform. 
Groups 12 (2007), no. 3, 601-605. 

[Sakl] Sakellaridis, Y., Inverse Satake transforms, arXiv: 1410.2312. 

[SakV] Sakellaridis, Y., Venkatesh, A., Periods and harmonic analysis on spherical vari¬ 
eties, arXiv: 1203.0039. 

[Sak2] Sakellaridis, Y., Non-categorical structures in harmonic analysis, MSRI talk, 2014, 
available at http://www.msri.org. 

[Schl] Schieder, S., Picard-Lefschetz oscillators for the Drinfeld-Lafforgue-Vinberg degen¬ 
eration for SL 2 arXiv: 1411.4206. 

[Sch2] Schieder, S., The Harder-Narasimhan stratification of the stack of G-bundles via 
Drinfeld’s compactifications, Selecta Mathematica 21 (2015), 763-831. 

[V] Vinberg, E. B., On reductive algebraic semigroups, E. B. Dynkin Seminar, Amer. 
Math. Soc. Transl. Ser. 2 169, 145-182. 

[Wl] Wang, J., On the reductive monoid associated to a parabolic subgroup, 
arXiv: 1602.07233. 

[W2] Wang, J., PhD Thesis, forthcoming. 


Dept, of Mathematics, MIT Cambridge, MA 02139, USA 
E-mail address: schieder@mit.edu 



